Abstract: This paper studies an enhanced dual-stage repetitive controller (RC) for improved robustness and tracking of periodic reference trajectories in piezo-based nanopositioning systems. The dual-stage RC system consists of a signal generator designed to provide high gain at the fundamental and all the harmonic frequencies of the reference trajectory and another that offers high gain only at the odd harmonics. The stability of the dual-RC system is analyzed, and simulation and experimental results are presented to demonstrate their performance compared to PID control and standard RC. The proposed controller is implemented using FPGA hardware (with closed-loop sample rate of 100 kHz), and then applied to a custom-built three-axis serialkinematic nanopositioning stage. Measured tracking results at 1 kHz and 2 kHz show that the enhanced dual-RC minimizes the maximum steady state error to approximately 2.71% and 5.05%, respectively. The improvement in tracking precision compared to (1) traditionally-used PID control is over 88%, nearly one order of magnitude reduction in the tracking error, and (2) standard RC is over 35%, underscoring the benefits of the controller.
INTRODUCTION
The scanning probe microscope (SPM), such as an atomic force microscope (AFM), is an important tool in areas of micro-and nano-technology [Clayton et al. (2009) ; Salapaka and Salapaka (2008) ]. The majority of applications for SPM require the SPM-tool tip to be positioned in a repetitive fashion relative to the sample surface. A common example of this is in AFM imaging where the cantilever probe is scanned back and forth across the sample surface by applying a triangle input signal to drive the piezoactuator. As the cantilever probe moves over the sample surface, the tip-to-sample interaction is recorded and used to construct an image of the sample topology. This action is repeated over and over again, and at high scan rates, the recorded images can be compiled to create a movie of the dynamic behavior of biological specimens [Ando et al. (2008) ]. Unfortunately, dynamic effects and nonlinear behavior in the piezoactuator cause significant positioning error which can lead to distorted AFM images. Without proper compensation or control, the SPM's performance is severely limited. To address the positioning error in such cases, an enhanced discretetime dual-stage repetitive controller (enhanced dual-RC) is proposed. The enhanced dual-RC consists of two signal generators: one is designed to provide high gain at the fundamental frequency of the reference trajectory and all of its harmonics, and the other provides high gain only at the odd harmonics. The main contribution of this structure is improved overall system robustness and tracking performance compared to standard RC.
Repetitive control is based on the Internal Model Principle [Francis and Wonham (1976) ], where a signal generator is incorporated into a feedback loop to create high gain at the fundamental frequency of the reference trajectory and its harmonics. Therefore, the RC approach is suited for tracking of periodic trajectories and rejection of periodic disturbances [Inoue et al. (1981) ; Hara et al. (1988) ]. Compared to traditional proportional-integral (PI) or proportional-integral-derivative (PID) feedback controllers for SPM [Abramovitch et al. (2007) ], the tracking error of RC decreases as the number of operating cycles increases. Repetitive controllers have been investigated to address run-out issues in disk drive systems [Chew and Tomizuka (1990) ; Steinbuch et al. (2007) ], to improve the performance of machine tools [Li and Li (1996) ; Chen and Hsieh (2007) ], and more recently, for scanning applications in SPM [Aridoǧan et al. (2009)] . Some of the advantages of RC is it can be plugged into an existing feedback control system to enhance performance when the reference trajectory is periodic in time. Additionally, the digital implementation of RC is straightforward and can take advantage of high-speed hardware such as FPGAs [Fantner et al. (2005) ]. Even analog circuit designs have been proposed for implementing RC [Leyva-Ramos et al. (2005) ]. Furthermore, compared to iterative feedforward approaches [Moore et al. (1992) ; Leang and Devasia (2006) ; Wu and Zou (2007) ], RC does not require the initial condition to be reset at the start of each iteration. Compared to model-based feedforward approaches, such as system inversion [Croft et al. (2001) ], where relatively accurate models of the dynamics and nonlinearities are needed, only an accurate knowledge of the period of the reference trajectory is required for RC. Fig. 1 . A plug-in RC with phase lead compensators, P 1 (z) and P 2 (z), to enhance performance. The reference and output trajectory are R(z) and Y (z), respectively.
In the design and application of RC, the major challenges are stability, robustness, and good steady-state tracking performance. The stability, robustness, and tracking performance issues of RC have been recently studied for SPMs [Aridoǧan et al. (2009)] . It is noted that tracking performance can be improved by incorporating phase lead compensators into the RC design. However, the performance is still limited by the fact that the low pass filter used to ensure stability limits the feedback gain. In this paper, two signal generators are used to form a dual-RC system to reshape the sensitive function at specific frequencies to further improve the system's performance as well as robustness. The dual-RC system is designed by cascading a standard RC block with an odd-harmonic RC block [Zhou et al. (2007) ]. In previous work by Kim and Tsao (2004) , a dual-RC was created by combining two standard signal generators in the feedback loop. On the other hand, the proposed design has a plug-in structure, therefore enabling it to be plugged-into an existing feedback loop. Additionally, the proposed structure offers significantly larger gains at the odd-harmonics of the reference trajectories, thus lowering the sensitivity function at these frequencies for improved performance.
REPETITIVE CONTROL DESIGN

An Enhanced Single-Stage RC Design
Consider the closed-loop system with a plug-in RC as shown in Fig. 1 , where the reference trajectory R(z) is assumed to be periodic in time. The RC block involves a signal generator with period T p . The signal generator is created by a positive feedback loop and pure delay z −N , where the positive integer N = T p /T s ∈ N is the number of points per period of the reference trajectory and T s is the sampling period. The plant (i.e., piezoactuator) is assumed to be linear and represented by G(z), where z = e jωTs , ω ∈ (0, π/T s ). A feedback controller, such as a resident PID controller typically used in SPM, is represented by G c (z). The low-pass filter Q(z) in the RC block provides robustness by reducing the effects of high gain at high frequencies. The parameters for the RC include the RC gain k rc and two phase lead compensators, P 1 (z) = z m1 and P 2 (z) = z m2 , where m 1 and m 2 provide a linear phase lead (in units of radians) of θ 1,2 (ω) = m 1,2 T s ω, for ω ∈ (0, π/T s ). The two phase lead compensators can be adjusted to compensate for the phase lag in the closed-loop system and to improve the tracking performance [Aridoǧan et al. (2009) 
For the RC system shown in Fig. 1 , stability is achieved by ensuring that [Aridoǧan et al. (2009) 
Fig. 2. Dual-stage RC designs: (a) two plug-in RCs in cascade, (b) an enhanced RC (C 1 ) and an oddharmonic RC (C 2 ) in cascade, and (c) an equivalent block diagram of (b) for stability analysis.
where A(ω) > 0 and θ T (ω) are the magnitude and phase, respectively, of the complimentary sensitivity function,
A Basic Dual-Stage RC Design
For the above single-stage RC design, the steady-state tracking performance is governed by the sensitivity function
where
is the sensitivity function of the feedback system without RC. The objective is to make the sensitivity function S rc (z) as small as possible, particularly at the fundamental frequency and harmonics of R(z). One approach is to cascade two signal generators as shown in Fig. 2(a) [Kim and Tsao (2004) ], effectively squaring the RC sensitivity function, that is
Figure 3 compares the frequency responses of the sensitivity functions given by Eq. (2) and (3) for T p = 1 ms. The comparison reveals that the magnitude of the sensitivity function for the basic dual-RC is significantly smaller than the single-stage RC design.
An Enhanced Dual-Stage RC Design
By cascading two signal generators, the squaring effect lowers the magnitude of S rc (z) at the harmonics of R(z), therefore improving the tracking performance compared to a single-stage RC. Unfortunately, the effect across all the harmonics may result in lack of robustness [CostaCastello et al. (2004) ; Zhou et al. (2007) ]. In particular, for a reference trajectory with only odd-harmonics, such as a triangular reference trajectory typically used in SPM, the high-gain at the even harmonics can degrade the system's performance [Costa-Castello et al. (2004) ]. To address this issue, an improved version of the basic dual-RC system is created, which consists of an enhanced single-stage cascaded with an odd-harmonic RC. This enhanced dual-RC system is shown in Fig. 2(b) . The sensitivity function in this case is given by
As shown in Fig. 3 , the magnitude of the sensitivity function S rc (z) at the even harmonics is roughly half of the basic dual-RC created using two standard signal generator.
Stability Analysis
The stability analysis for the enhanced dual-RC based on the Small Gain Theorem [Zhou and Doyle (1998) ] is presented. The first step is analyzing the stability of the odd-harmonic RC. 
for ω (0, π/T s ), then the RC feedback system shown in Fig. 4(a) is asymptotically stable.
Proof:
The stability is shown by applying the Small Gain Theorem. First, the transfer function relating the reference trajectory R(z) and the tracking error E(z) is
Using Eq. (6), the RC block diagram in Fig. 4(a) is simplified to the equivalent interconnected system shown in Fig. 4(b) . Referring to Fig. 4(b) , by Assumption 2, S(z) has no poles outside the unit circle in the z-plane, so it is stable. Since 1 + z
is stable, the positive feedback closed-loop system in Fig. 4(b) is asymptotically stable when 
hence,
This completes the proof. 2
Stability analysis of enhanced dual-RC First, it can be easily shown that if a, b, c, d ∈ C, where C is the set of all complex numbers, and |a| ≤ 1, |c| ≤ 1, and |b| + |d| ≤ 1, then |a||b| + |c||d| ≤ 1. Theorem 2. (Stability of enhanced dual-RC). Let Assumption 1 and 2 hold. If
and
for ω (0, π/T s ), then the closed-loop system in Fig. 2(b) is asymptotically stable.
Proof: The sensitivity function in Eq. (4) is modified to Fig. 2(b) is simplified to the equivalent interconnected system shown in Fig. 2(c) for stability analysis.
Since 1 − H 1 (z) and 1 − H 2 (z) are designed to be stable, the positive-feedback closed-loop system in Fig. 2(c) is internally stable according to the Small Gain Theorem when
Using the triangular inequality, the left-hand side of Eq. (13) is bounded above by
Since |H 1 (z)| ≤ 1 and |H 2 (z)| ≤ 1, it is required that
Noting the T (z) = G 0 (z)S(z), and replacing the z = e jωTs , the gains k i (i = 1, 2) can be determined from Eq. (15) as follows:
First, it is assumed that 0 < k i ≤ 1, for i = 1, 2, which implies |λ 3 (z)| ≤ |λ i (z)|. Furthermore, it is assumed that k 2 ≤ k 1 , therefore Eq. (15) can be simplified to
Therefore, the gains are found by solving Eq. (16) and (17), i.e.,
This completes the proof. 2
EXPERIMENTAL RESULTS
The enhanced dual-RC system was applied to a custombuilt monolithic three-axis nanopositioner.
The Experimental Nanopositioning System
The experimental system is a custom-built monolithic three-axis serial-kinematic nanopositioner shown in Fig. 5 , where two piezo-stack actuators (5×5×10 mm Noliac SCMAP07) are configured serially to control the motion along the lateral axes (x and y). A piezo-stack actuator is embedded in the x-stage body as shown for vertical (z) positioning. The stage was fabricated from 7075 aluminum alloy using the electrical discharge machining process. The stage's lateral (x/y) range of motion is 10×10 µm and the vertical (z direction) range is 4 µm. The stage is outfitted with inductive sensors (Kaman SMU9000-15N) to measure the displacement in the lateral directions. The x and z axes are physically small with low mass, and thus the resonance frequencies are greater than 10 kHz; particularly, the resonance in the x-axis is 11.2 kHz. In contrast, the resonance frequency in the y direction is only 2.4 kHz due to the large mass. The design of similar serial-kinematic nanopositioners are described in [Leang and Fleming (2009) ; Kenton and Leang (2010) ].
As an example, experiments were performed on the highspeed x-axis. A linear, 9th-order dynamics model G(z) along the x-axis was obtained by curve-fitting the measured frequency response; and the Bode plot in Fig. 5 compares the measured response to the linear model. The model was used to simulate the response of the controllers. The experimental setup also includes a field programmable gate array (FPGA) hardware (National Instruments cRIO-9002) and a desktop computer with a data acquisition card (16-bit NI-PCI-6221) for collecting data (see Fig. 6 ). The FPGA system was used to implement the RC and PID controllers and programmed using the NI LabVIEW FPGA Toolkit, then the VHDL code was downloaded to the FPGA module through an ethernet cable. The sampling frequency of the DAC and ADC modules on the FPGA module was limited to 100 kHz. 
Controller Implementation
The gains for the PID controller were designed based on the linear dynamics model G(z) shown in Fig. 5 . The controller transfer function is given by
z , where the Ziegler-Nichols method was used to tune the controller gains to K p = 1.1, K i = 50000, and K d = 0.0004. The PID controller was implemented on the FPGA hardware with a sampling frequency of 100 kHz. The performance of the PID controller for tracking triangle reference trajectories at 1 kHz, 1.5 kHz, and 2 kHz are presented and compared to the regular RC and enhanced dual-RC in Section 3.4.
The first step to implement the dual-RC was to design the low-pass filters Q(z) for the two controllers C 1 and C 2 [see Fig. 2(b) ], and then to pick initial values for the RC gains, k 1 and k 2 , to satisfy the stability condition's of Theorem 2. Afterwards, the phase lead compensator z m was designed to minimize the steady-state tracking error. Next, the two RCs (regular and odd-harmonic) were combined serially to form the enhanced dual-RC control system. Finally, the RC gains, k 1 and k 2 , were tuned for the best performance. All of these step were done in simulation using the linear dynamics model G(z). The details of each step are described next: First, the low-pass filter was designed for C 1 [see Fig. 2(b) ], where Q(z) = a z+b , with |a| + |b| = 1. The design of the cut-off frequency for the low-pass filter follows the steps in [Aridoǧan et al. (2009)] . For example, the cutoff frequency for scanning at 1 kHz was chosen as 7 kHz. The RC gain was chosen as k 1 = 0.8 to satisfy the stability condition in Eq. (1). The phase lead compensator, P 1 (z) = z m1 , was determined by examining the tracking error of the RC system in simulation for different values of m 1 . From the simulation, the optimum value was m 1 = 6 (i.e., the value that resulted in the lowest tracking error) and this value was also used in the enhanced dual-RC system.
Next, similar steps were taken to design the parameters for C 2 . Particularly, the values were k 2 = 1.6 and m 2 = 4. After implementing the controller, the parameters were adjusted to k 1 = 0.8 and k 2 = 1.3 for the best performance.
Simulation Results
Simulations were done to study the performance of the enhanced dual-RC. Comparisons were made between the enhanced dual-RC with the regular enhanced RC for tracking sine and triangle trajectories at 1 kHz. The simulation results are shown in Fig. 7 . As shown, by integrating the odd-harmonic RC with the regular RC, the maximum steady-state error for tracking a sine wave is reduced from 2.32% to 0.74% (over 68% improvement). For tracking a triangle trajectory, the maximum steady state error is reduced from 4.46% to 2.29% (over 48% improvement). In both cases, the tracking error reach steady-state after approximately 5 periods (5 ms). Therefore, the enhanced dual-RC provides significant improvement in performance compared to a single-stage RC. 
Experimental Results
The performance of the enhanced dual-RC system was verified in experiments by comparing it to the performances of an enhanced regular RC system and PID control. In the experiments, the reference tracking trajectory was a 10 µm triangle wave at 1 kHz, 1.5 kHz, and 2 kHz. The reference trajectory was pre-filtered through a two-pole zero-phaseshift filter with cut-off frequency of 5 kHz to remove the sharp corners that could excite high-frequency dynamics. Triangle trajectories are commonly used for AFM imaging and other scanning-type operations. The cut-off frequency for the low-pass filter Q(z) was set at 7 kHz. For the regular RC system, m = 6 and k rc = 0.8. For the dual-RC system, m 1 = 6, m 2 = 4, and k 1 = 0.8, k 2 = 1.3. Figure 8 shows the measured tracking performance comparing the regular RC, dual-RC, and PID control. Table 1 summarizes the tracking performance and it is readily seen that the dual-RC provides better performance compared to the standard RC approach. In fact, the improvement in tracking precision compared to traditionally-used PID control is over 88%, nearly one order of magnitude improvement, and to standard RC is over 35%, underscoring the benefits of the dual-RC structure. 
CONCLUSIONS
A dual-stage repetitive controller was proposed to track periodic reference trajectories in piezo-based nanopositioning systems. Specifically, the dual-RC system consists of a signal generator designed to provide high gain at the fundamental and the harmonic frequencies of the reference trajectory and another that offers high gain only at the odd harmonics. The stability of the dual-RC closed-loop system was analyzed, and simulation and experimental results were presented that demonstrated improved tracking performance compared to standard RC and PID control. Tracking results at 1 kHz and 2 kHz show that the enhanced dual-RC structure minimizes the maximum steady state error to approximately 2.71% and 5.05%, respectively. Significant improvement was shown demonstrating the benefits of the dual-RC structure.
